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We examine the relation between the dynamics of Lemaˆıtre–Tolman–Bondi (LTB) dust models
(with and without Λ) and the dynamics of dust perturbations in two of the more familiar formalisms
used in cosmology: the metric based Cosmological Perturbation Theory (CPT) and the Covariant
Gauge Invariant (GIC) perturbations. For this purpose we recast the evolution of LTB models
in terms of a covariant and gauge invariant formalism of local and non–local “exact fluctuations”
on a Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) background defined by suitable averages of
covariant scalars. We examine the properties of these fluctuations, which can be defined for a
confined comoving domain or for an asymptotic domain extending to whole time slices. In particular,
the non–local density fluctuation provides a covariant and precise definition for the notion of the
“density contrast”. We show that in their linear regime these LTB exact fluctuations (local and
non–local) are fully equivalent to the conventional cosmological perturbations in the synchronous-
comoving gauge of CPT and to GIC perturbations. As an immediate consequence, we show the
time-invariance of the spatial curvature perturbation in a simple form. The present work may
provide important theoretical connections between the exact and perturbative (linear or no–linear)
approach to the dynamics of dust sources in General Relativity.
PACS numbers: 98.80.-k, 04.20.-q, 95.36.+x, 95.35.+d
I. INTRODUCTION.
Galaxy surveys represent a key probe of the funda-
mental properties of our universe. Inhomogeneities in
the distribution of galaxies can be related to the under-
lying inhomogeneous distribution of dark matter. Conse-
quently, by observing fluctuations in the galaxy distribu-
tion at different redshifts, one can both study the growth
of dark matter perturbations and probe the nature of
the gravitational action. An essential tool for describing
and understanding cosmic dynamics on different scales is
the study of perturbations on a FLRW background. The
most favored approach to perturbations is the framework
generically known as Cosmological Perturbation Theory
(CPT) which relies on the smallness of quantities that de-
scribe fluctuations from the homogeneous and isotropic
FLRW spacetime (see e.g. [1–3] for pioneering work).
This approach is based on suitably defined Gauge In-
variant quantities whose definition and evolution equa-
tions can be found in the essential reviews (e.g. [4–6]).
While CPT is based on metric perturbations, there is an
alternative and equivalent “Gauge Invariant Covariant”
(GIC) formalism based on covariant tensorial quantities
defined by a 4–velocity field [7–9].
Perturbations based on CPT are adequate (and widely
employed) in the study of cosmic sources during the early
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stages of evolution of the Universe, where it is safe to as-
sume near homogeneous conditions. This approximation
is supported by the nearly isotropic (to within one part
in 105) Cosmic Microwave Background Radiation, which
together with the Almost Geren and Sachs Theorem [10]
provides a strong motivation for using a spacetime close
to a FLRW model.
At late times, however, relativistic linear perturbations
based on CPT are only adequate for scales comparable to
the Hubble radius λH . On scales much smaller than λH ,
the formation of cosmic structure is the dominant grav-
itational process. This is highly non-linear but assumed
to take place in non–relativistic Newtonian conditions, so
it is usually studied by means a wide range of Newtonian
gravity models ranging from simple toy models (“Top
hat” or “spherical collapse” [11]) to more sophisticated
numerical N-body simulations [5].
The study of gravitational collapse through CPT has
improved by extending the scope to the non-linear regime
(see e.g. [12–16]). Within the perturbative approach,
however, only the mildly non-linear regime can be mod-
elled, a far from complete analysis of the collapse process
up to the virilarisation stage where the density contrast
is of order δ & 5.
This leaves an important area unexplored, namely, how
non-linear relativistic corrections impact on the forma-
tion of large scale structure, see for example [17] for an ex-
tensive review. Indeed, some of these effects have begun
to be taken into account in N-body methods, which make
use of relativistic corrections to the potentials [18, 19].
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2From a non–perturbative perspective, the spherically
symmetric exact solutions of Einstein’s equations gener-
ically known as Lemaˆıtre–Tolman–Bondi (LTB) dust
models provide an idealized, but useful, toy model de-
scription of inhomogeneous configurations of astrophysi-
cal and cosmological interest (see comprehensive reviews
of these models in [20–22]). While a nonzero Λ term can
be easily incorporated into the dynamics of these exact
solutions, these solutions have been widely used to model
large scale CDM density voids to fit observational data
without assuming the existence of dark energy or a cos-
mological constant (see reviews in [23, 24]). Moreover, if
we assume that Λ > 0, LTB models become an inhomo-
geneous generalization of the Λ–CDM model describing
exact non–perturbative CDM inhomogeneities in a Λ–
CDM background favored by observations (see [25]). In
fact, observational data also fit LTB models with Λ > 0
and an FLRW background that is not necessarily the
usual Λ–CDM background [26].
Introducing a representation based on covariant scalars
(q–scalars [27]) and their associated “exact fluctuations”
allows for a clear study of important properties of LTB
models: their phase space evolution as a dynamical sys-
tem [28, 29], their radial asymptotics [30], the nature
and evolution of density profiles [31], as well as their
use to probe theoretical formalisms of space-time aver-
aging [32] (see review in [27]) and gravitational entropy
[33]. It is important to remark that in these references
the exact fluctuations were called “exact perturbations”,
which may not be a convenient name because the term
“perturbation” is commonly understood to refer to ap-
proximated (not exact) quantities.
It is a well known fact (see extensive work in [34]) that
the q–scalars and their fluctuations, in their local and
non–local versions, fully determine the dynamics of LTB
models recast in terms of evolution equations, analogous
to those of linear perturbations on an FLRW background.
This resemblance can be reframed in precise unambigu-
ous terms by a rigorous correspondence maps that give
rise to a rigorous covariant and gauge invariant perturba-
tion formalism. In particular, it can be shown that the
density fluctuation can be expressed in terms of exact
covariant expressions that generalize the density grow-
ing and decaying modes of linear dust perturbations [29].
Also, the non–local density fluctuation provides a precise
covariant characterization of the intuitive notion of the
“density contrast”, a concept loosely, and often incor-
rectly, employed in many astrophysical and cosmological
applications of LTB models.
In the present paper we extend the above-mentioned
studies by establishing equivalences between the per-
turbative CPT and GIC quantities and exact inho-
mogeneities defined through the exact fluctuations.
Throughout this paper, we are careful to stress the fact
that the evolution equations for the fluctuations do not
describe “small” deviations from a FLRW background,
but the evolution of exact quantities of an exact solution
of GR (LTB models). Yet we show how, in a suitable lin-
ear regime, these fluctuations reduce to the spherically
symmetric linear perturbations of the GIC and CPT for-
malisms. This result is summarised in Table I of Sec. IX.
In verifying this correspondence we consider the comov-
ing gauge of CPT dust perturbations (as LTB models
are defined in a comoving frame). We argue that the ex-
act fluctuations represent a generalisation of the usual
perturbation scalars to the non-linear regime, as first
suggested in [34] and here extended to the case Λ > 0.
Analysing such generalisations is important to determine
the fate of small fluctuations throughout the non-linear
stages of structure formation, a regime poorly explored in
relativistic cosmology. We also show that the time con-
servation of the spatial curvature perturbation of CPT
theory can be expressed (up to linear terms) in terms of
time preserved quantities of LTB models.
The paper is organized as follows. In section II we in-
troduce the LTB models in terms of the q–scalars formed
from the standard fluid flow covariant LTB scalars: the
energy density ρ, the Hubble expansion Θ, and the
spatial curvature K = 3R/6 (where 3R is the three-
dimensional Ricci scalar). In section III we define the
fluctuations as exact deviations between the q–scalars
Aq and the standard covariant scalars A. In section IV
we introduce the non–local fluctuations as exact devi-
ations with respect to the “q–averages”, which are the
non–local functionals associated with the q–scalars Aq.
Asymptotic non–local fluctuations are discussed in sec-
tion V. The conditions that define a linear regime in LTB
exact fluctuations are given in section VI. The compari-
son between all fluctuations in the linear regime with the
CPT formalism is described in section VII, while the cor-
respondence with the GIC perturbations is discussed in
section VIII. We summarise and discuss our results in the
final Section IX, where we present a useful perturbation-
to-fluctuation dictionary in Table I. The relation between
the LTB metric variables that we used and the standard
ones is given in Appendix A. We examine in Appendix B
the Darmois matching conditions that are used for the
rigorous definition of an FLRW background for the exact
fluctuations, while the form of LTB metric functions in
the linear regime are discussed in Appendix C.
II. LTB DUST MODELS IN THE Q–SCALAR
REPRESENTATION.
A convenient parametrization of LTB dust models is
given by the following useful FLRW–like metric (the re-
lation with the standard metric variables is given in Ap-
pendix A):
ds2 = −dt2 +a2
[
Γ2
1−Kq0r2 dr
2 + r2
(
dθ2 + sin2 θdϕ2
)]
,
(1)
3where the scale factors a = a(t, r) and Γ = Γ(t, r) satisfy:
a˙2 =
8pi
3
ρq0
a
−Kq0 + 8pi
3
Λ a2, with a˙ =
∂a
∂t
, (2)
Γ = 1 +
ra′
a
, with a′ =
∂a
∂r
, (3)
while the functions Kq0(r) and ρq0(r) are defined fur-
ther ahead (see Eq. (6)). The subindex 0 will denote
henceforth evaluation at an arbitrary fiducial hypersur-
face t = t0, which can be taken as the present cosmic
time. Notice that we have chosen the radial coordinate
so that a0 = Γ0 = 1.
The standard approach to LTB models is based on us-
ing the solutions (whether analytic or numerical) of (2)
to determine the metric functions a and Γ in order to
compute all relevant quantities. We follow here a differ-
ent approach, based on a set of useful alternative vari-
ables called “q–scalars”, constructed with the standard
covariant scalars [27, 29, 34] 1
Aq =
∫ r
0
AR2R′ dr¯∫ r
0
R2R′ dr¯
=
3
∫ r
0
AR2R′ dr¯
R3
, A = ρ, Θ, K,
(4)
where R = ar and ρ is the energy density. The homo-
geneous expansion is Θ = ∇¯aua, with ∇¯ the gradient
projected in the hypersurfaces orthogonal to ua. Also
K = 3R/6 is the spatial curvature of these hypersur-
faces, with 3R the three-Ricci scalar. The scalars A and
Aq in Eq. (4) are related through the following “exact
fluctuations” 2
δ(ρ) ≡ ρ− ρq
ρq
=
rρ′q/ρq
3Γ
=
1
ρq R3
∫ r
0
ρ′R3dr¯, (5a)
D(Θ) ≡Θ−Θq =
rΘ′q
3Γ
=
1
R3
∫ r
0
Θ′R3dr¯, (5b)
D(K) ≡K −Kq =
rK′q
3Γ
=
1
R3
∫ r
0
K′R3dr¯. (5c)
The q–scalars and the exact fluctuations δ(ρ), D(Θ) and
D(K) satisfy the following scaling laws derived from the
energy conservation equation and the ij components of
the Einstein equations [27, 29, 34]:
ρq =
ρq0
a3
, Kq = Kq0
a2
,
Θq
3
=
a˙
a
, (6)
1 + δ(ρ) =
1 + δ
(ρ)
0
Γ
,
2
3
+ δ(K) =
2/3 + δ
(K)
0
Γ
. (7)
1 The connection between these integral definitions and a weighted
proper volume average is discussed in section IV. See a compre-
hensive discussion in [27, 32].
2 We discuss in detail the notion of an “exact fluctuation” in the
following section. The q–scalars and the exact fluctuations are
directly related to curvature and kinematic scalars [27]. The
domain of integration in the integrals in (4) and (5a)–(5c) is a
spherical comoving domain D[r] parametrized by 0 ≤ r¯ ≤ r,
where r¯ = 0 is a symmetry center. See [27, 29, 34] for a com-
prehensive discussion on the definition and properties of these
variables.
These are complemented by the algebraic constraints
(analogous to the “Hamiltonian” and spatial curvature
constraints) (
Θq
3
)2
=
8pi
3
(ρq + Λ)−Kq, (8)
3
2
D(K) = 4piρqδ(ρ) − 1
3
ΘqD
(Θ), (9)
where the subindex 0 denotes evaluation at an arbitrary
fixed t = t0 and we have introduced, together with δ
(ρ),
in (7), the relative exact fluctuation 3:
δ(K) =
D(K)
Kq =
K −Kq
Kq . (10)
Any LTB model becomes fully determined, either ana-
lytically (if Λ = 0 or in certain cases with Λ > 0 [28]) or
numerically (the general case Λ > 0), and can be uniquely
specified by selecting a value of Λ and, as free parameters
or initial conditions, any two of the initial value functions
{ρq0, Kq0, Θq0}.
The analytic forms (6)–(10) are exact solutions of the
evolution equations constructed from the variables ρq, Θq
and δ(ρ), D(Θ) [29, 34],
ρ˙q = −ρqΘq, (11a)
Θ˙q = −
Θ2q
3
− 4piρq + 8piΛ, (11b)
δ˙(ρ) = −(1 + δ(ρ)) D(Θ), (11c)
D˙
(Θ)
= −
(
2
3
Θq + D
(Θ)
)
D(Θ) − 4piρqδ(ρ), (11d)
subject to the algebraic constraints (8)–(9), which will
hold for all t once we solve them by specifying initial
conditions at arbitrary t = t0. Combining the evolution
equations (11a)–(11b) leads to the second order equation
δ¨(ρ)−
2
[
δ˙(ρ)
]2
1 + δ(ρ)
+
2
3
Θq δ˙
(ρ)−4piρqδ(ρ)(1 + δ(ρ)) = 0, (12)
3 The term “perturbation” was used in [27, 29, 34] only to denote
the dimensionless quotient fluctuations δ(ρ), δ(Θ), δ(K), while
D(Θ) and D(K) in (5b) and (5c) were called “fluctuations”. In
this article the term “exact fluctuations” will denote both the
δ(A) and the D(A). We consider as basic set of exact fluctua-
tions the quantities {δ(ρ), D(Θ), D(K)} because they provide a
straightforward link to perturbation formalisms in the literature
in which only the density perturbation is constructed in the di-
mensionless quotient form (5a) (inspired on the intuitive notion
of the density contrast). Besides this point, the exact relative
fluctuations δ(Θ) and δ(K) constructed as in (10)can become ill–
defined (they diverge) if Θq or Kq (which appear in the denomi-
nator) vanish, which can occur in physically interesting scenarios
in LTB models, for example: Θq = 0 occurs at the “bounce” from
expansion to collapse in collapsing models, or Kq = 0 necessarily
holds along a comoving “boundary” layer separating comoving
regions in which Kq switches sign.
4which is an exact generalization of the well known evo-
lution equation of linear dust perturbations in the co-
moving gauge [35]. The constraints (8)–(9) allow for the
construction of systems equivalent to (11a)–(11d), but
based on alternative set of variables Aq and/or relative
fluctuations δ(A) (see examples for the case Λ = 0 in
equations (21a)–(21d) of [34]).
III. LOCAL EXACT FLUCTUATIONS.
It is intuitively clear that we can identify in the sys-
tem (11a)–(11d) the subset of evolution equations (11a)–
(11b) for FLRW–like “background variables” ρq, Θq, Λ,
as these are identical to FLRW evolution equations for
their equivalent FLRW scalars (although q−scalars also
carry a spatial dependence). On the other hand the sub-
set (11c)–(11d) corresponds to the evolution equations of
the exact fluctuations defined in (5a)–(5c).
A. The notion of an “exact fluctuation”.
The connection between “exact fluctuations” and “per-
turbations” requires further clarification given the com-
mon use of these terms in the literature. Consider for
example the relation ρ = ρq(1 + δ
(ρ)) that follows from
(5a): this is an exact relation, and thus it does not require
a small parameter expansion to describe departures of ρ
from ρq, since both ρ and ρq are exact LTB scalars (in
other words: we have not assumed and need not assume
a small |δ(ρ)|). The same argument goes for the relations
between Θ vs Θq and K vs Kq that follow from (5b)
and (5c). Hence, we call δ(ρ), D(Θ), D(K) “exact fluctua-
tions” in order to distinguish them from the common us-
age of the term “perturbations” in standard formalisms
of Cosmological Perturbation Theory, namely: quanti-
ties defining a “perturbed” spacetimeM that is “almost
FLRW”, meaning that it represents a “small departure”
from a suitable known background FLRW spacetime M¯
through a linearization procedure applied to character-
istic quantities (metric, scalars, vectors, tensors) of the
latter. In our case the “exact fluctuations” relate an ex-
act LTB model (the spacetime M) to a precise exact
FLRW background M¯ defined by suitable scalars (the
Aq) of the same LTB model once we choose a given co-
moving domain D[r]. In other words, the Aq evolve in an
identical way to their FLRW equivalents when evaluated
at a specific coordinate r.
B. Fluctuation-to-perturbation correspondence
maps and gauge invariance.
The set of exact fluctuations δ(ρ), D(Θ), D(K) in (4)
and (5a)–(5c) are covariant local objects, as they pro-
vide the exact deviation between the covariant scalars
A = (ρ, Θ, K) and their corresponding q–scalars Aq
(which are also covariant [29, 34]) along every concentric
2–sphere labeled by constant r that marks the boundary
B[r] of an integration domain D[r] (a spherical comoving
region). This is illustrated in Figures 1 and 2. We re-
mark that the definition of exact fluctuations can easily
be extended to the non–spherical Szekeres models [36].
Their role as exact fluctuations can be defined rigorously
through a covariant and gauge-invariant formalism (see
[34]).
Since any LTB model (M) and any dust FLRW space-
time (M¯) share the same comoving geodesic 4–velocity,
spherical comoving coordinates and dust source, the ap-
propriate correspondence mapping that defines the ex-
act fluctuations is furnished rigorously by associating to
each comoving domain D[r] of the LTB model (M) the
unique FLRW dust spacetime M¯ defined by the continu-
ity of the 3–metric and extrinsic curvature of the common
“interface” hypersurface B[r] (world–tube generated by
comoving observers at fixed arbitrary r)4. As shown in
Appendix B, this is equivalent to the conditions for a
smooth match of M and M¯ at an arbitrary B[r], which
implies the continuity of the q–scalars Aq and the FLRW
scalars A¯ at B[r] for all t
[ρq]r = ρ¯(t), [Θq]r = Θ¯(t), [Kq]r = K¯(t), (13)
where [ ]r denotes evaluation at fixed r. {ρq, Θq, Kq}
are given by Eq. (6) and an over bar will hereafter de-
note FLRW scalars. It is important to remark that this
identification ofM and M¯ is strictly a rigorous and pre-
cise procedure to define an FLRW background and q–
perturbations for every D[r] of a generic LTB model: it
does not require that we undertake an actual matching of
the domain D[r] and M¯ in the form of a “Swiss Cheese”
configuration (see Figures 1 and 2 and reference [34] for
a comprehensive discussion).
The gauge invariance (GI) of the exact fluctuations
follows from the Stewart–Walker lemma [37]: a GI “per-
turbation” is any nonzero quantity in M that vanishes
in the background M¯ for a given perturbation formal-
ism in which M and M¯ have been defined and related
through suitable mappings (as for example the map in-
troduced in [34] summarized above). It is important to
bear in mind that the conditions in Eq. (13) do not in-
volve the continuity of the usual covariant scalars A, as
[A]r 6= [Aq]r and thus [δ(A)]r 6= 0 and [A]r 6= A¯(t) hold
in general for an arbitrary r [34] (see Figure 2 and Ap-
pendix B). As a consequence, the GI criterion based on
Stewart’s lemma does not require δ(ρ), D(Θ), D(K) to van-
ish at any fixed r, but to vanish in the FLRW spacetime
characterized by the scalars A¯ in that has been mapped
4 In previous papers, e.g. [34], this mapping was denoted by a
”perturbation” mapping, but we prefer to call it fluctuation–to–
perturbation mapping to avoid the semantic problem emanating
from the fact that the term ”perturbation” is used to describe
approximate quantities.
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FIG. 1. Confined LTB local and non–local exact den-
sity fluctuations. The panels (a)–(d) describe generic ra-
dial density profiles (over–densities and density voids) while
(e) and (f) depict local and non–local density fluctuations,
δ(ρ) and δ
(ρ)
NL , confined to a comoving domain D[rb] marked
by 0 ≤ r < rb. Panels (a) and (b) illustrate how δ(ρ) follows
from the local comparison of ρ and ρq at each r in the domain,
whereas panels (c) and (d) show how δ
(ρ)
NL follows from com-
paring ρ at each r with the q–average 〈ρ〉q[rb] that character-
izes the whole domain. Notice that the FLRW “background”
density is given for every domain by ρ¯ = ρq(rb) = 〈ρ〉q[rb] and
that these fluctuations can be well defined without assuming
a matching with an actual FLRW spacetime.
through the Darmois conditions (13). In particular, if we
impose as supplementary conditions besides (13), that
[δ(ρ)]r = [D
(Θ)]r = [D
(K)]r = 0 hold for any given fixed
finite r; then we are forcing [A]r = [Aq]r = A¯. This
leads to “Swiss Cheese” models of exact fluctuations (see
Figure 2 and Appendix B).
IV. NON–LOCAL EXACT FLUCTUATIONS.
We can also consider (4) as the correspondence rule
of a linear functional for a single (but arbitrary) domain
D[rb]. This functional is the “q–average”, which assigns
to each scalar A and each arbitrary fixed comoving do-
main D[rb] the real number [27, 34] 5
(A,D[rb]) 7→ 〈A〉q[rb](t) =
∫ rb
0
AR2R′dr¯∫ rb
0
R2R′dr¯
, (14)
where R = ar. It is important to remark that the q–
averages and the q–scalars Aq are different objects: the
q–averages are non–local because 〈A〉q[rb] is a single real
number assigned to the whole domain D[rb], and thus
must be treated as an effective constant for inner con-
centric domains D[r] with 0 ≤ r ≤ rb (see Figures 1c, 1d,
3a and 3d), whereas Aq(t, r) is a function of the domain
boundary and thus it smoothly varies for these inner do-
mains (see Figure 1). Hence, they only coincide at the
domain boundary: Aq(t, rb) = 〈A〉q[rb](t) of every D[rb]
(see also comprehensive discussion on this in [27, 34]).
Since the average 〈A〉q[rb] is a non–local quantity, we
can construct non–local exact fluctuations in an analo-
gous way as the exact fluctuations δ(ρ), D(Θ) and D(K) in
(5a)–(5c) [34] as follows:
δ
(ρ)
NL =
ρ(r)− 〈ρ〉q[rb]
〈ρ〉q[rb] ,
D(Θ)NL = Θ(r)− 〈Θ〉q[rb],
D(K)NL = K(r)− 〈K〉q[rb], (15)
such that
ρ = 〈ρ〉q[rb]
[
1 + δ
(ρ)
NL
]
,
Θ = 〈Θ〉q[rb] + D(Θ)NL ,
K = 〈K〉q[rb] + D(K)NL , (16)
where δ
(ρ)
NL , D
(Θ)
NL and D
(K)
NL depend on (t, r, rb). The re-
lations involving the gradients of ρ, Θ, K given by (5a)–
(5c) for δ(ρ), D(Θ), D(K) are only valid for r = rb. The
non–local nature of the exact fluctuations (15) follows
from the fact that they compare (for all t) the local val-
ues Aq(r), 0 ≤ r ≤ rb with a non–local quantity 〈A〉q[rb]
assigned by Eq. (14) to the whole domain D[rb] (see Fig-
ure 2).
A. Evolution equations and background variables
as averages.
Combining (15) and (16) we obtain the relation be-
tween exact fluctuations and their non–local analogues:
5 The q–average 〈A〉q [rb] is the proper volume average of A with
weight factor F =√1−Kq0r2 over the comoving domain D[rb]
with 0 ≤ r < rb. A detailed comparison with the standard proper
volume average emerging from Buchert’s formalism is given in
[27, 34] (see also [32]).
6δ
(ρ)
NL =
ρq
〈ρ〉q[rb]
[
1 + δ(ρ)
]
− 1, (17a)
D(Θ)NL = D
(Θ) + Θq − 〈Θ〉q[rb], (17b)
D(K)NL = D
(K) +Kq − 〈K〉q[rb], (17c)
which upon substitution in (11a)–(11d) yields an analo-
gous set of evolution equations:
〈ρ〉˙q = −〈ρ〉q 〈Θ〉q, (18a)
〈Θ〉˙q = −1
3
〈Θ〉2q − 4pi〈ρ〉q + 8piΛ, (18b)
δ˙
(ρ)
NL = −
[
1 + δ
(ρ)
NL
]
D(Θ)NL , (18c)
D˙
(Θ)
NL = −
(
2〈Θ〉q − 4
3
Θq + D
(Θ)
NL
)
D(Θ)NL −
2
3
(Θq − 〈Θ〉q)2 − 4pi〈ρ〉q δ(ρ)NL , (18d)
where we omitted the domain indicator in the q–averages
to simplify notation. The system (18a)–(18d) must be
supplemented by the evolution equations (11a)–(11b),
since Θq appears explicitly in (18d), and by the algebraic
constraints
〈Θ〉2q
9
=
8pi
3
(〈ρ〉q + Λ)− 〈K〉q, (19a)
3
2
D(K)NL = 4pi〈ρ〉qδ(ρ)NL −
1
3
〈Θ〉qD(Θ)NL , (19b)
which are analogous to (8) and (9). It is straightfoward
to derive, from (18a)–(18d), a second order equation for
δ
(ρ)
NL :
δ¨
(ρ)
NL −
[
δ˙
(ρ)
NL
]2
1 + δ
(ρ)
NL
+
[
2〈Θ〉q − 4
3
Θq
]
δ˙
(ρ)
NL −[
4pi〈ρ〉qδ(ρ)NL − 2(Θq − 〈Θ〉q)2
]
(1 + δ
(ρ)
NL ) = 0, (20)
which is analogous to Eq. (12). Notice that (18a)–(18d),
(19a)–(19b) and (20) reduce to (11a)–(11d), (8)–(9) and
(12) at the domain boundary r = rb for which 〈ρ〉q, 〈Θ〉q
and ρq, Θq exactly coincide and thus δ
(ρ)
NL = δ
(ρ) and
D(Θ)NL = D
(Θ) hold for all t. The fact that (18a)–(18b)
(which involve averages) are formally the same evolution
equations as (11a)–(11b) follows from the fact that back–
reaction vanishes for the q–average (see [27]).
As with the evolution equations (11a)–(11d) for local
exact fluctuations, we can also identify in (18a)–(18d)
the subset of FLRW–like evolution equations (18a)–(18b)
for the background variables 〈ρ〉q, 〈Θ〉q and the subset
(18c)–(18d) of evolution equations for the exact (now
non–local) fluctuations δ
(ρ)
NL ,D
(Θ)
NL . Hence, these variables
also give rise to a covariant and gauge invariant perturba-
tion formalism (see [34]) that is analogous to that of the
local fluctuations. Notice that 〈A〉q[rb] = Aq(rb) holds
for every rb (see Figures 1 and 2), and hence the Dar-
mois matching conditions in Eq. (13) now identify an
FLRW background spacetime through the q–average of
covariant scalars over domains D[rb].
B. The density contrast.
It is worth recalling that the non–local exact density
fluctuation δ
(ρ)
NL defined in (15)–(16) provides a rigorous
and covariant (and GI) definition for the “density con-
trast” in a domain D[rb], as it compares the local den-
sity ρ at each point with the FLRW background den-
sity identified by the q–average of the density 〈ρ〉q[rb] in
this domain (see Figures 1 and 2). Therefore, equations
(18a)–(18d), as well as (20), provide the evolution of the
exact, non–perturbative, density contrast. Notice, how-
ever, that the sign of δ
(ρ)
NL is opposite to that of δ
(ρ) for a
given density profile:
• Over–density profile: we have δ(ρ)NL > 0 (positive
density contrast) and δ(ρ) < 0 (negative gradient of
ρq). See Figures 1a, 1c, 1e, 2a, 2c, 3a and 3c.
• Density void profile: we have δ(ρ)NL < 0 (negative
density contrast) and δ(ρ) > 0 (positive gradient of
ρq). See Figures 1b, 1d, 1f, 2b, 2d, 3b and 3d.
This sign difference follows from the fact that δ
(ρ)
NL com-
pares ρ with 〈ρ〉q[rb], which remains fixed inside D[rb],
whereas δ(ρ) is proportional to the gradient ρ′q (from (5a))
and compares ρ and ρq, which are both varying at inner
points, these differences are clearly displayed in Figures 1,
2 and 3.
V. EXACT FLUCTUATIONS ON AN
ASYMPTOTIC FLRW BACKGROUND.
We have considered so far exact fluctuations (local and
non–local) that are “confined” in bounded concentric co-
moving domains (Figures 1 and 2). For LTB models con-
verging in the asymptotic radial direction to FLRW mod-
els, the metric functions and covariant scalars take the
following forms as r →∞ 6
a→ a¯as, Γ→ 1, (21a)
(ρ, Θ, K)→ (ρ¯as, Θ¯as, K¯as), (21b)
(δ(ρ), D(Θ), D(K))→ 0, (21c)
(ρq, Θq, Kq)→ (ρ¯as, Θ¯as, K¯as), (21d)
6 The conditions for LTB models to be asymptotic to a FLRW
background spacetime in the spacelike radial direction at every
time slice were discussed in [30]. The radial rays in time slices
orthogonal to ua are spacelike geodesics of the LTB metric, hence
for a well defined radial coordinate the proper length along these
curves is a monotonic function of r, and thus the proper radial
asymptotic limit of any scalar is given by r →∞. Only the case
Λ = 0 was examined in [30], but the results easily extend to the
case Λ > 0. If Λ = 0 LTB models can be radially asymptotic
to FLRW models that are spatially flat (Einstein de Sitter K¯ =
0) or with negative spatial curvature (open FLRW K¯ < 0), as
“closed” FLRW lack an asymptotic radial range. If Λ > 0 then
convergence to a FLRW model with K¯ > 0 is possible (see [28]).
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FIG. 2. Confined local and non–local exact density
fluctuations in a Swiss Cheese model. The panels (a)–
(b) describe radial density profiles (over–density and density
void) of a Swiss Cheese model made by a smooth matching of
a comoving domain D[rb] in the radial range 0 ≤ r < rb of an
LTB model to an FLRW spacetime. Panels (c) and (d) depict
the corresponding local and non–local density fluctuations.
Notice that Darmois matching conditions of Eq. (13) only
require continuity of ρq, so that background density is defined
by ρq(rb) = 〈ρ〉q[rb] = ρ¯. Demanding also continuity of ρ and
the vanishing of fluctuations at the FLRW boundary leads to
the “humps” and “troughs” in the radial profiles.
where a¯as = a¯as(t), ρ¯as = ρ¯as(t), Θ¯as = Θ¯as(t) and K¯as =
K¯as(t) are the scale factor and covariant scalars of the
asymptotic FLRW model M¯. Evidently, the asymptotic
conditions (21b) and (21c) clearly identify the variables
δ(ρ), D(Θ), D(K) as GI exact fluctuations (they vanish as
r → ∞) and ρq, Θq as GI background variables in an
asymptotic FLRW background. The spatial curvature
requires special considerations, since Kq is not GI if the
asymptotic FLRW background is spatially flat (K¯ = 0
holds while Kq is in general nonzero for finite r).
A. Asymptotic non–local exact fluctuations.
Non–local exact fluctuations can also be defined for
asymptotic domains (D[rb] for 0 ≤ r < rb but rb → ∞)
in LTB models admitting radial convergence to FLRW.
These fluctuations are depicted in Figure 3. We will de-
note these non–local fluctuations by the subindex label as
(which stands for “asymptotic”), as in this case 〈A〉q be-
comes the global asymptotic average of A in the the whole
time slice7:
lim
rb→∞
〈ρ〉q[rb] = ρ¯as, lim
rb→∞
〈Θ〉q[rb] = Θ¯as,
lim
rb→∞
〈K〉q[rb] = K¯as, (22)
so that the 〈A〉q and the Aq have the same asymptotic
limits given by the asymptotic FLRW scalars A¯, leading
to
δ(ρ)as ≡ lim
rb→∞
δ
(ρ)
NL =
ρ− ρ¯as
ρ¯as
, (23a)
D(Θ)as ≡ lim
rb→∞
D(Θ)NL = Θ− Θ¯as, (23b)
D(K)as ≡ lim
rb→∞
D(K)NL = K − K¯as, (23c)
which depend on t and r and are (in general) nonzero
for finite r, though (from the limit (21d))the fluctuations
above do vanish in the limit r →∞ (see Figure 3).
It follows readily from (22) and (23a)–(23c) that the
asymptotic exact fluctuations δ(ρ)as , D
(Θ)
as , D
(K)
as are GI
perturbations (they vanish in M¯), while the asymptotic
q–averages ρ¯as, Θ¯as are the GI background variables (K¯as
is only a GI variable when the asymptotic FLRW model
is not spatially flat).
The evolution of non–local q–perturbations for an
asymptotic FLRW background can be fully determined
by applying (22) and (23a)–(23c) to (18c)–(18d) and to
the spatial curvature perturbation constraint in (19a)–
(19b), leading to:
δ˙(ρ)as = −
[
1 + δ(ρ)as
]
D(Θ)as , (24a)
D˙
(Θ)
as = −
(
2Θ¯as − 4
3
Θq + D
(Θ)
as
)
D(Θ)as −
2
3
(Θq − Θ¯as)2 − 4piρ¯as δ(ρ)as , (24b)
D(K)as =
8pi
3
ρ¯as δ
(ρ)
as −
2
9
Θ¯asD
(Θ)
as , (24c)
where ρ¯as, Θ¯as and K¯as (which are determined by the
background subsystem (18a)–(18b)) take the following
analytic forms
Θ¯2as
9
=
8pi
3
(ρ¯as + Λ)− K¯as, ρ¯as = ρ¯0as
a¯3as
, K¯as = K¯0as
a¯2as
, (25)
with ρ¯0as = ρ¯as(t0), K¯0as = K¯as(t0). As (18c)–(18d), this
system must be supplemented by (11a)–(11b) to deter-
mine Θq. As for the non-local fluctuations, we can derive
7 The q–average of covariant scalars coincides with their standard
average from Buchert’s formalism in the radial asymptotic limit
of LTB models that converge in this limit to an FLRW spacetime,
as the back–reaction term vanishes (see proof in [32]).
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FIG. 3. Asymptotic non–local exact density fluctu-
ations. The panels (a)–(b) describe generic radial density
profiles (over–density and density void) of an LTB model that
converges radially to a FLRW spacetime as r →∞, hence the
FLRW “background” density ρ¯as is given by the average eval-
uated for a domain comprising the whole time slice. Panels
(c) and (d) depict the corresponding exact density fluctua-
tions, which follow by comparing local values of ρ with the
global average ρ¯as and is the density contrast with respect to
a global density average. Notice that the exact fluctuations
vanish as r →∞.
the following second order equation for δ(ρ)as :
δ¨(ρ)as −
[
δ˙(ρ)as
]2
1 + δ
(ρ)
as
+
[
2Θ¯as − 4
3
Θq
]
δ˙(ρ)as −[
4piρ¯asδ
(ρ)
as − 2(Θq − Θ¯as)2
]
(1 + δ(ρ)as ) = 0, (26)
which is equivalent to (20). In particular, if the asymp-
totic FLRW background is spatially flat (K¯as = 0) we
can use explicit analytic expression for the background
variables (25) in (23c)–(24c) and (26).
We remark that the asymptotic non–local fluctuation
δ(ρ)as provides, for LTB models which radially converge to
an asymptotic FLRW background, a covariant and GI
description of the density contrast with respect to the
asymptotic FLRW background.
VI. LINEAR REGIME IN LTB MODELS.
The exact fluctuations (local and non–local) that we
have introduced provide an exact non–linear measure of
the deviation of LTB dynamics with respect to a domain
dependent FLRW background. In order to compare these
objects with linear perturbations used in the literature we
need to define a linear regime involving specific evolution
times in which this deviation is also linear.
Let A¯(t) (for A = ρ,Θ, K) be the covariant scalars
characterizing an FLRW background on a given domain
(bounded through Eq. (13) or asymptotic). The neces-
sary and sufficient conditions for a linear regime follow
by assuming that an arbitrarily small positive number
 1 exists, such that for all 0 ≤ r ≤ rb along a domain
D[rb] (all r for asymptotic domains) in a fiducial time
slice (say t = t0), the following relations hold
|Aq0(r)− A¯0| ∼ O(), |rA′q0(r)| ∼ O(), (27)
where A¯0 = A¯(t0) and O()  1 denotes order  (or
linear first order deviations) for suitable expansions (see
Appendix C). Since a0 = Γ0 = 1 (choice of radial co-
ordinate), then (5a)–(5c) and (17a)–(17c) together with
Eq. (27) imply that the following quantities are all∼ O()
for all r
|δ(ρ)(t0)|, |D(Θ)(t0)|, |D(K)(t0)|, (28a)
|δ(ρ)NL (t0)− δ(ρ)(t0)|, |D(Θ)NL (t0)−D(Θ)(t0)|,
|D(K)NL (t0)−D(K)(t0)|, (28b)
|Aq0 −A0|, |〈A〉q0 −A0|,
|Aq0 − 〈A〉q0|, |A0 − A¯0|, |A′q0 −A′0|, (28c)
As a consequence of Eq (27), it is also straightforward
to show (see proof in Appendix C) that a time range
containing t0 exists such that the metric variables a and
Γ in (1) satisfy at all r
a− a¯ ∼ O(), Γ− 1 ∼ O(), (29)
and thus, from the scaling laws (6)–(9), the relations
(28a)–(28c) hold for this time range
|δ(ρ)| ∼ O(), |D(Θ)| ∼ O(), |D(K)| ∼ O(), (30a)
δ
(ρ)
NL ≈ δ(ρ), D(Θ)NL ≈ D(Θ), D(K)NL ≈ D(K), (30b)
Aq ≈ 〈A〉q ≈ A ≈ A¯, A′q ≈ A′. (30c)
which implies that δ˙(ρ), D˙
(Θ)
and δ˙
(ρ)
NL , D˙
(Θ)
NL are O()
quantities because of the evolution equations (11a)–(11d)
and 18a–(18d). In fact, we can identify the linear regime
in terms of a linear deviation between LTB and FLRW
metric functions through Eq. (29) and a linear deviation
between Aq, 〈A〉 and A from the background scalars A¯
through Eqs. (28c) and (30c). On the other hand, prod-
ucts of all O() quantities in these evolution equations
are of (at least) quadratic order O(2) O(), and thus
are negligible in the linear regime.
Considering the characteristic features of the linear
regime, it is important to emphasise the following points:
9• The general evolution of LTB models is non–linear.
Hence, the linear regime is only valid for a re-
stricted evolution time range of an LTB model in
which the fluctuations and relations we presented
above remain of O() (this time range is defined rig-
orously in Appendix C). The linear regime is usu-
ally defined with respect to a spatially flat dust
FLRW background (Einstein de Sitter of Λ–CDM)
at initial times after the last scattering surface.
However, it can also be defined with respect to a
spatially curved background.
• Under a linear regime, the non–linear second order
equations for the density fluctuations (12), (20) and
(26) are reduced to,
δ¨(ρ) +
2
3
Θq δ˙
(ρ) − 4piρqδ(ρ) = 0, (31a)
δ¨
(ρ)
NL +
2
3
〈Θ〉q δ˙(ρ)NL − 4pi〈ρ〉qδ(ρ)NL = 0, (31b)
δ¨(ρ)as +
2
3
Θ¯asδ˙
(ρ)
as − 4piρ¯asδ(ρ)as = 0, (31c)
all of which match (at O()) the well known lin-
ear evolution equation for dust perturbations in
the synchronous-comoving gauge as discussed in
the next section. As a consequence, these density
fluctuations in their linear regime can be expressed
as the linear superposition δ(ρ) = C+(r)D+(t) +
C−(r)D−(t) in terms of the growing (+) and de-
caying density modes (+) . The explicit analytic
form of the functions C±, D± are given in [29]. In
particular, for a spatially flat FLRW background at
early times (so that the effect Λ is negligible), we
have from equations (27), (36) and (38) of [29]
δ(ρ) ≈ −2
5
(
δ
(ρ)
0 −
3
2
δ
(K)
0
)
ΩKq0 t
2/3 − rt
′
bb
t
, (32)
with ΩKq0 ≡ Kq0/H2q0. This is a solution of (31a)–
(31c) (notice that the other fluctuations δ
(ρ)
NL and
δ(ρ)as take the same form as δ
(ρ) at linear order).
The generalisation of the linear density modes to
the exact non–linear regime (for the case Λ = 0) is
discussed extensively in [29].
• It is worthwhile comparing the linear limit of the
fluctuations we have introduced with those ob-
tained by Zibin [38] for LTB models that are “close”
to an Einstein de Sitter FLRW background (Λ = 0).
The linear limit of δ(ρ) in (32) is formally iden-
tical to Zibin’s equation (A1) in the Appendix of
[38], and the linear expansion of the exact grow-
ing mode obtained in [29] (first term in the right
hand side of (32)) exactly coincides with Zibin’s
equation (A3) in [38]. The direct relation between
this growing mode linear expansion and the small
deviations from spatial flatness expressed in terms
of ΩKq0 = −Kq0/H2q0 ≈ 0 in (32) is what Zibin calls
“curvature fluctuation” and motivates his comment
that “the curvature perturbation consists of just the
growing mode”. However, this quantity is not the
complete curvature perturbation (see also next sec-
tion).
In the following sections we will use the properties of the
linear regime to compare the local and non–local exact
fluctuations with perturbations from other formalisms
usually employed in the literature.
VII. CONNECTION TO THE COSMOLOGICAL
PERTURBATION THEORY.
The linear regime of the LTB exact fluctuations is
the right framework to link them with quantities of the
more familiar perturbative formalisms. Our focus here
is to draw equivalences between exact fluctuations and
the standard quantities in the metric based Cosmolog-
ical Perturbation Theory (CPT) (see e.g. [1–3, 39] for
pioneering work and [6] for a review of CPT).
A. Perturbative fluid evolution
CPT studies cosmological models relying on the prin-
ciple of overall homogeneity and isotropy, properties that
define a background FLRW spacetime with averaged
time-dependent elements. Inhomogeneities are described
by perturbations on this background but, because of the
gauge freedom, the relation between these two manifolds
is not unique. This means that a perturbative description
of an inhomogeneous cosmological spacetime requires a
complete gauge specification, so that the perturbations
find a physical meaning. To describe the LTB space-
times of Eq. (1), where the proper time at every point is
the cosmic time, it is convenient to use the synchronous-
comoving gauge of the CPT formalism. In this gauge the
proper time of every observer is the cosmic time. The
congruence of observers is given by the common four-
velocity ua = (1, 0, 0, 0), which coincides with the unitary
normal to the hypersurfaces of constant time. Defined in
this way, the four-velocity of observers is comoving and
isochronous with the cosmic fluid, and it remains so in
time when matter is described by a dust source, which
is precisely the case of concern [2, 12] (though ua may
remain comoving and isochronous with nonzero pressure
if u˙a = 0, see [40, 41]).
The set of relevant perturbative quantities is given by
the matter density perturbation, the perturbative expan-
sion and the curvature perturbation, defined from de-
partures with respect to the homogeneous parameters
ρ¯(t), Θ¯(t) and K¯(t) of the background, average FLRW
spacetime:
δCPT =
ρ(x, t)− ρ¯(t)
ρ¯(t)
, ΘCPT = Θ(x, t)− Θ¯(t),
KCPT = K(x, t)− K¯(t). (33)
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The CPT quantities above are closely related to non–
local exact fluctuations (15)–(16), as the background
scalars {ρ¯, Θ¯, K¯} can be rigorously identified with the
averages {〈ρ〉[rb], 〈Θ〉[rb], 〈K〉[rb]} along bounded do-
mains D[rb] (if we consider a Swiss Cheese configuration)
or asymptotic averages {ρ¯as, Θ¯as, K¯as} (if we consider lin-
ear perturbations on global domains that correspond to
the whole slice in which r is finite but rb → ∞). Since
the linear regime conditions (30c) imply that for every
domain A ≈ 〈A〉q and 〈A〉q ≈ Aq, CPT perturbations
are equivalent to linearized (i.e. first order) non–local or
asymptotic exact fluctuations. That is,
Swiss Cheese:
δCPT1 ≈ δ(ρ)NL 1, ΘCPT1 ≈ D(Θ)NL 1, KCPT1 ≈ D(K)NL 1, (34a)
Asymptotic FLRW:
δCPT1 ≈ δ(ρ)as 1, ΘCPT1 ≈ D(Θ)as 1, KCPT1 ≈ D(K)as 1,(34b)
where the subindex 1 denotes first order expansion
around background values. These first order forms are
governed by precisely the same set of equations following
the above correspondences. Namely,
δ˙CPT1 = −ΘCPT1, (35a)
Θ˙CPT1 = −2
3
Θ¯ΘCPT1 − 4piρ¯δCPT1 , (35b)
1
3
Θ¯ΘCPT1 +
3
2
KCPT1 = 4piρ¯δCPT1 , (35c)
which are the energy conservation equation, the Ray-
chaudhuri equation and the energy constraint (time-time
component of the Einstein equations) at linear order (see
e.g. [42] for their derivation). These equations corre-
spond to the following linearized form of the evolution
equations (bounded domains) of the exact fluctuations
(18a)–(18d) and to the exact form given in (19a)–(19b):
δ˙
(ρ)
NL = −D(Θ)NL , (36a)
D˙
(Θ)
NL = −
2
3
〈Θ〉qD(Θ)NL − 4pi〈ρ〉q δ(ρ)NL , (36b)
1
3
〈Θ〉qD(Θ)NL +
3
2
D(K)NL = 4pi〈ρ〉q δ(ρ)NL , (36c)
or the linear version of equations (24a)–(24b) and the
exact form (24c) for asymptotic domains,
δ˙(ρ)as = −D(Θ)as , (37a)
D˙
(Θ)
as = −
2
3
Θ¯asD
(Θ)
as − 4piρ¯as δ(ρ)as , (37b)
1
3
Θ¯asD
(Θ)
as +
3
2
D(K)as = 4piρ¯as δ
(ρ)
as , (37c)
where we omitted the subscript 1 to simplify the notation.
The identification of variables in the sets of equations
above confirm the equivalences established in Eqs. (34a)
and (34b). Note that the matter density evolution equa-
tion, obtained from a combination of the equations in the
above system, will thus be equivalent to the non–linear
evolution equations (20) and (26) of the exact fluctua-
tions formalism expanded at linear order in (31b)–(31c).
B. Metric elements and the curvature perturbation
Let us now use the simple q−scalars scheme to relate
the metric elements of CPT with the corresponding LTB
quantities. To proceed we can compare term by term
the linearised version of the LTB metric in (1) with the
perturbed FLRW metric in a synchronous and comoving
gauge. Considering exclusively scalar fluctuations we can
write the LTB metric (1) as
ds2 = −dt2+a2(r, t)
(
δij +
[
2r
a′
a
+Kq0r2
]
∇ir∇jr
)
dxidxj ,
(38)
while the perturbed FLRW line element is,
ds2 = −dt2+a¯2(t) [(1− 2ψ(x, t))δij + 2∇i∇jE(x, t)] dxidxj .
(39)
where i, j represent the cartesian coordinates covering
the spatial part of both line elements. We can compare
these metric elements considering (from Eq. (29) and the
results of Sec. VI and Appedix C) that a ≈ a¯ and Γ ≈
1 hold for local and non–local exact fluctuations in the
linear regime (lowest order in inhomogeneities) and, from
Eq. (21a), asymptotically in all LTB models converging
to a spatially flat FLRW background as r →∞ [30]. We
can thus relate the scalar potentials E and ψ in (39) (cf.
[43]) to LTB metric functions at linear order
E(r, t) =
1
2
G(t, α) , and ψ(r, t) =
∂
∂α
G(α)−
(
a− a¯
a¯
)
.
(40)
where we introduced the variable α = r2 and the function
G(t, α) =
∫ α
0
dα˜
∫ α˜
0
dβ
(
d
dβ
ln(a(t, β)) +
Kq0(β)
4
)
.
(41)
This function is evaluated at each constant time t at
which the linear regime is valid.
To end this section let us show that the equivalence
of metric elements significantly simplifies the demonstra-
tion that the curvature perturbation of CPT is preserved
over time at linear order (the proof in the CPT formalism
can be found, e.g., in [44]). Considering only perturba-
tions of scalar nature, we define the comoving curvature
perturbation Rc from the spatial curvature scalar as
∇2Rc ≡ 3
2
a¯2KCPT1, (42)
where ∇2 = δij∇i∇j . In the asymptotically flat FLRW
model, we use this definition together with Eqs. (6), (7),
(10) and (33) to obtain
∇2Rc = 3
2
( a¯
a
)2
Kq0
[(
2
3
+ δ
(K)
0
)
Γ−1 − 2
3
]
, (43)
with δ
(K)
0 = D
(K)
0 /Kq0. Then the right hand side at lowest
order is simplified by noting from (33) that Kq0 itself is
a first order quantity. Thus, in the linear regime, Γ ≈ 1
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and a(r, t) ≈ a¯(t) as shown in the previous section VI
(see a rigorous proof in C). Considering (5c) and a0 =
1, R0 = r, we can thus write
∇2Rc = 3
2
Kq0
(
δ
(K)
0
)
=
3
2
D
(K)
0
=
rK′q0
2
=
3
2r3
∫ r
0
K0 r¯3dr¯, (44)
which is constant in time (preserved by the fluid motion).
One can alternatively arrive at this expression by com-
puting the three-curvature Ricci scalar K = 3R/6 of the
metric in Eq. (39) at first order. This yields the equiva-
lence
3
2
a¯2K1 = ∇2Rc = ∇2ψ1, (45)
where the metric perturbations are taken at first order.
Then using the result in Eqs. (40) and (41) we recover
equivalence (44) at lowest order in perturbative expan-
sion.
The amplitude of the contrast δ
(K)
0 = D
(K)
0 /Kq0 of
equation (43) is not restricted to be small because it rep-
resents the ratio between a small (near zero) spatial cur-
vature fluctuation and small (near zero) background cur-
vature, thus the gradient of the curvature fluctuation can
be large even if the curvature itself is small as equation
(45) shows. In the context of CPT, at large scales above
the Hubble scale, Rc coincides with the gauge-invariant
curvature perturbation of uniform density hypersurfaces
ζ. The latter is preserved at non-linear order throughout
the evolution at scales above the horizon [44–46]. These
properties have also been studied through the gradient
expansion of perturbation theory [16, 47]. Our results
are consistent with these findings in the non-linear regime
the curvature perturbation in spherical symmetry.
VIII. CONNECTION TO THE 1+3 COVARIANT
PERTURBATION FORMALISM.
A formalism of gauge invariant covariant perturbations
on an FLRW background (to be denoted by “GIC per-
turbations”) was introduced by Ellis and Bruni [7, 8, 48]
(see chapter 10.3 of [42] for a comprehensive discussion),
on the basis of a linearization procedure of the exact evo-
lution equations for the comoving spatial gradients of the
density and Hubble expansion scalar:
∆a =
` ∇˜aρ
ρ
, Za = ` ∇˜aΘ, where ∇˜a = hba∇b ,
(46)
and where the scale factor ` is defined by the relation
˙`/` = Θ/3. To compare the GIC formalism with the
perturbations introduced in this paper we consider its
application to irrotational dust sources (p = qa = u˙a =
Πab = ωab = 0), leading to:
∆˙b = −Za − σba∆b, (47a)
Z˙b = −2
3
ΘZa − 4piρ∆a − σbaZb − ` ∇˜a(σcdσcd), (47b)
together with the constraints
Za = −3
2
`∇˜bσba,
4pi
3
ρ∆a = −`∇˜bEba. (48)
In order to obtain a complete system, these equations
must be supplemented by the evolution equations for the
shear and electric Weyl tensors σab and E
a
b , see e.g. Ap-
pendix A in [42]. Also, applying the operator ` ∇˜a to the
Hamiltonian constraint(
Θ
3
)2
=
8pi
3
ρ−K − 2σabσab, (49)
yields the spatial curvature gradient
3
2
` ∇˜aK = 4piρ∆a −ΘZa − 3
2
` ∇˜a(σcdσcd). (50)
For LTB models we have ∇˜a(f) = f ′δra for any scalar
f , while σab and E
a
b take the forms
σab = Σ eab, with Σ = − Γ˙
3Γ
= −1
3
D(Θ), (51)
Eab = E eab, with E = −4pi
3
ρqδ
(ρ), (52)
where eab = hab − 3nanb, with na = √grr δra the unit
vector normal orthogonal to ua and to the orbits of
SO(3). Hence, (47a)–(47b) and (50) reduce to the fol-
lowing scalar equations
∆˙ = −Z + 2Σ∆, (53a)
Z˙ = −2
3
ΘZ − 4piρ∆ + 2ΣZ − 6`(Σ2)′, (53b)
together with the constraints
Z = −3`
(
Σ′ +
3
r
ΓΣ
)
,
4pi
3
ρ∆ = −`
(
E ′ + 3
r
ΓE
)
,(54a)
3
2
`K′ = 8piρ∆−ΘZ − 9` (Σ2)′, (54b)
where ∆ ≡ ` ρ′/ρ and Z ≡ `Θ′ with ` = aΓ1/3. This
system must be supplemented by Eqs. (8a)-(8d) of [27].
The connection between the 1+3 GIC gradient vari-
ables ∆, Z and `K′ and the q–perturbations follows from
the fact that the latter are also related with radial gradi-
ents through (5a)–(5c). Evidently, Z and `K′ are analo-
gous to the exact fluctuations D(Θ) and D(K), while the
“fractional” density gradient ∆ is analogous to the fluc-
tuation δ(ρ). This analogy can be further emphasized
by comparing the exact GIC evolution equations (53a)–
(53b) with the exact evolution equations (11c)–(11d): if
we identify ∆, Z with δ(ρ), D(Θ) then (53a)–(53b) and
(11c)–(11d) only differ in their non–linear second order
terms Σ∆, ΣZ and (Σ2)′, which (from (51)) can be asso-
ciated with the second order products D(Θ)δ(ρ), [D(Θ)]2
and D(Θ)[D(Θ)]′. The same relation holds between the
spatial curvature gradient constraint (53b) and the ana-
logue of the curvature constraint (9).
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Hence, the linearized form of the evolution equations,
spatial curvature constraint and second order time evo-
lution of the density perturbation of the GIC and exact
fluctuations are indeed fully equivalent if we restrict our-
selves to linear terms:
∆˙ = −Z vs. δ˙(ρ) = −D(Θ), (55a)
Z˙ = −2
3
ΘZ − 4piρ∆ vs.
D˙
(Θ)
= −2
3
Θq D
(Θ) − 4piρqδ(ρ), (55b)
3
2
`K′ = 4piρ∆−ΘZ vs.
3
2
D(K) = 4pi ρq δ(ρ) −ΘqD(Θ), (55c)
∆¨ +
2
3
Θ∆˙− 4piρ∆ = 0 vs.
δ¨(ρ) +
2
3
Θq δ˙
(ρ)−4piρqδ(ρ) = 0. (55d)
where now ` ≈ a¯ and we neglected the quadratic terms
Σ∆, ΣZ and (Σ2)′ in the GIC equations (53a)–(54b) and
the quadratic terms δ(ρ)D(Θ), [D(Θ)]2, [δ(ρ)]2 and [δ˙(ρ)]2
in (11c)–(11d) and (12), as required in the linear regime
for the exact fluctuations (see the previous section). In
fact, (29) and (30c) imply that ∆ ≈ δ(ρ), Z ≈ D(Θ) and
`K′ ≈ D(K) must hold in a linear regime characterized
by negligible spatial gradients: ρ′ ≈ ρ′q, Θ′ ≈ Θ′q and
K′ ≈ K′q, all of which is consistent with the common gra-
dient structure of the GIC perturbations and the exact
fluctuations.
The equivalence between the non–local (confined and
asymptotic) exact fluctuations and the GIC perturba-
tions in the linear regime follows as a straightforward
corollary from the results of the previous section, since
negligible spatial gradients implies for all scalars and ev-
ery domain D[rb] that Aq(r) ≈ Aq(rb) = 〈A〉q must hold
for inner domains 0 ≤ r ≤ rb, hence we must have
(δ
(ρ)
NL , D
(Θ)
NL , D
(K)
NL ) ≈ (δ(ρ), δ(Θ), δ(K)). (56)
This is reflected also in the fact that evolution equations
(18a)–(18d) and (11a)–(11d) only differ in a quadratic
term (Θq−〈Θ〉q)2 and a first order term in the right hand
side of equation (18d). In a linear regime the quadratic
term is negligible and 6〈Θ〉q − 4Θq ≈ 2Θq holds, which
makes both systems formally identical at first order (sim-
ilar remarks apply for asymptotic perturbations).
IX. SUMMARY AND CONCLUSIONS.
We have discussed in detail how the dynamics of LTB
models (assuming Λ > 0) can be fully determined by co-
variant q–scalars and exact fluctuations (local and non–
local) that can be constructed from the dynamical quan-
tities. This description can be characterized by a precise,
covariant and gauge invariant perturbation formalism in
Perturbations-to-Fluctuations dictionary
CPT
Perturbations Exact fluctuations Eqs. in Sec. VII
δ1 δ
(ρ)
NL Swiss Cheese (34a), (35a) vs. (36a)
δ(ρ)as Asymptotic (34b), (35a) vs. (37a)
Θ1 D
(Θ)
NL Swiss Cheese (34a), (35b) vs. (36b)
D(Θ)as Asymptotic (34b), (35b) vs. (37b)
∇2Rc 32 D(K)NL 0 Swiss Cheese (34a), (44)
3
2
D(K)as 0 Asymptotic (34b), (44)
GIC
Perturbations Exact fluctuations Eqs. in Sec. VIII
∆a = ` ∇˜aρ/ρ δ(ρ), δ(ρ)NL (55a), (55d), (56)
Za = ` ∇˜aΘ D(Θ), D(Θ)NL (55b), (56)
`∇aK D(K), D(K)NL (55c), (56)
TABLE I. Dictionary of perturbations-to-fluctuations ex-
pressing the Cosmological Perturbation Theory and the
Gauge Invariant-Covariant variables in terms of exact fluc-
tuations. The comparison is carried in the linear regime of
the exact fluctuations discussed in section VI. The subindex
0 indicates evaluation at an arbitrary fiducial hypersurface
t = t0, which can be taken as present cosmic time. The
resulting correspondences are not one-to-one because the dif-
ferent definitions of a non-linear exact fluctuation coincide at
linear order (cf. (56)).
which the q–scalars (or the q–averages) define a FLRW
background for any given spherical comoving domain. In
the asymptotic limit this domain covers whole time slices
and the FLRW background can be identified with global
q–averages of covariant scalars.
We have thoroughly verified the correspondence of ex-
act fluctuations, local and non–local, in the linear regime,
to dust perturbations of the GIC and CPT formalisms.
Since LTB models are an exact solution of GR, the de-
scription of their dynamics in terms of the exact fluctu-
ations should provide valuable information of the non–
linear effects that are missed in the perturbative treat-
ment of dust sources. This new information can be ap-
preciated in our demonstration that the spatial curva-
ture perturbation of CPT (a time preserved quantity at
all scales) is directly related (up to linear terms) to a
time preserved quantity associated to the spatial curva-
ture of LTB models. This is an important step towards
a better understanding of the connection between lin-
ear perturbations and the exact non-linear evolution of
inhomogeneous sources evolving initially from small fluc-
tuations. Our work goes beyond the historical treatment
of these correspondences [49, 50] in that we consider co-
variant quantities to compare with gauge-invariant per-
turbations. Also note that our work does not deal with
perturbations on top of the exact LTB solution, an im-
portant subject of study in itself [38, 51, 52].
The equivalences presented in Section VII are gauge-
invariant relations to the familiar variables in cosmolog-
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ical perturbation theory, which serve to set initial con-
ditions for spherical collapse of non-linear configurations
starting from the linear regime. This aspect will be ex-
plored in future work [53]. Another important aspect of
the identification of exact fluctuations with synchronous-
comoving quantities of the cosmological perturbation
theory is that one can construct a direct correspondence
between the matter variables of this description and those
of the Newtonian cosmology (see, e.g. [14, 43, 54]), and
a description of density profiles of initial inhomogeneities
[55]. Our method thus provides a direct path to com-
pare fully non-linear Newtonian and relativistic results
and the accuracy of the spherical symmetry assumption
throughout the evolution of inhomogeneities.
Finally, while our results are still restricted to the
spherically symmetric LTB dust models on an FLRW
background, they can be extended to more general space-
times, sources and backgrounds. In particular, the for-
malism of q–scalars and q–perturbations can be readily
extended to the non–spherical dust Szekeres models [36]
(even to the cases that are not quasi–spherical). In this
way it is possible to construct realistic cosmological mod-
els which are both exact solutions and represent pertur-
bations of models of lower symmetry.
Other possible extensions are to consider local ro-
tational symmetry (LRS) spacetimes [56], that include
spherically symmetric geometries with a general fluid
source, as well as non–spherical exact perturbations on
an LTB background [38, 57]. This will be addressed in
future work and will shed light on the analysis of the
growth of structure on top of strongly non–linear back-
grounds [53]. For example over–densities such as clusters,
or large voids which are both able to generate large cur-
vature and shear. Furthermore, the coupling of density
perturbations to vector and tensor modes will be explored
and the corrections induced by this coupling, correctly
quantified. These studies, complementary to those using
higher order perturbation methods, highlight the impor-
tance of including general relativistic effects in modelling
the late universe, which will be crucial if we are to cor-
rectly interpret observational data from future surveys.
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Appendix A: LTB standard metric variables.
The standard metric used in most of the literature
(equation (18.16) of [21]) is:
ds2 = −dt2 + R
′2
1 + 2E
dr2 +R2(dθ2 + sin2 θdφ2), (A1)
where R satisfies:
R˙2 =
2M
R
+ 2E +
8pi
3
ΛR2, (A2)
where R = R(t, r), E = E(r), M = M(r). The metric
(1) and Friedman equation (2) follow from (A1) and (A2)
by identifying
a =
R
R0
, Kq0 = −2E
R20
,
4pi
3
ρq0 =
M
R30
,
R0 = r, Γ =
rR′
R
. (A3)
The q–scalars ρq, Θq, Kq and the exact fluctuations δ(ρ)
and δ(K) = D(K)/Kq are
4pi
3
ρq =
M
R3
, Kq = −2E
R2
, Θq =
3R˙
R
, (A4)
1 + δ(ρ) =
M ′/M
3R′/R
,
2
3
+ δ(K) =
E′/E
3R′/R
, (A5)
so that the fluctuations D(Θ) and D(K) can be easily com-
puted from (9). The scalars ρ, K, Θ, follow readily from
(5a))–(5c). All quantities introduced, calculated and de-
rived in the paper can be thoroughly “translated” to the
variables M, E, R, R′ by substitution of (A3)–(A5) into
the appropriate expressions.
Appendix B: Darmois matching conditions.
LetM be a generic LTB model described by the metric
(1) and M¯ an FLRW dust spacetime with metric
ds2 = −dt2 + a¯2(t)
[
dr2
1− K¯0 r2 + r
2
(
dθ2 + sin2 θ dφ2
)]
,
(B1)
characterized by the covariant scalars
Θ¯2
9
=
˙¯a2
a¯2
=
8pi
3
(ρ¯+ Λ)− K¯, ρ¯ = ρ¯0
a¯3
, K¯ = K¯0
a¯2
,
(B2)
where K¯0 = k0/H20 with k0 = 0,±1 and H0 is the local
Hubble constant (because a¯ is dimensionless).
For arbitrary comoving domains D[r∗] an FLRW back-
ground M¯ becomes precisely specified by the Darmois
matching conditions along a “matching interface” that
is common to M and M¯: the 3–dimensional timelike
surface B[r∗] = B[r∗](t, θ, φ) generated by comoving ob-
servers at the boundary of each comoving domain D[r∗].
Fulfillment of these conditions implies the continuity of
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the induced metric γab = gab − nˆanˆb and the extrinsic
curvature Kab = −∇bnˆa of B[r∗], where nˆa = |grr|1/2δaa
is the spacelike unit one–form normal to B[r∗] oriented
towards increasing r. Assuming absence of shell crossings
(Γ > 0 holds everywhere in M) and computing γab and
Kab at B[r∗] from the LTB (limit r → r∗ with r < r∗)
and FLRW (limit r → r∗ with r > r∗) sides, we have:
a∗ = a(t, r∗) = a¯(t), Kq0∗ = Kq0(r∗) = K¯0, (B3)
leading right away to the continuity of the q–scalars
Aq = ρq, Θq, Kq at B[r∗]: i.e. conditions (13) (in (13) we
dropped the subindex ∗ because r∗ is arbitrary and used
instead the symbol [ ]r to denote evaluation at arbitrary
fixed r).
The fulfillment of Darmois matching conditions does
not require the continuity of the metric function Γ (gra-
dient of a from (3)) and of the radial gradients A′q and
A′ at B[r∗]. We have from (5a)–(5c) at B[r∗]:
A∗ = Aq∗ +
r∗A′q∗
3Γ∗
= Aq∗ +
1
a3∗r3∗
∫ r∗
0
A′ a3r¯3dr¯. (B4)
Since the Darmois conditions of Eq. (13) imply Aq∗ =
A¯(t) but not A′q∗ = 0 nor Γ∗ = 1, they can be ful-
filled if A∗ = A¯ + (r∗A′q∗)/(3Γ∗) 6= A¯(t) (and thus
δ
(ρ)
∗ , D(Θ)∗ , D
(K)
∗ do not vanish). It is possible, however,
to demand (together with Darmois conditions) the conti-
nuity of the scalars A at B[r∗] by the extra condition
A′q∗ = 0, which forces the conditions δ
(ρ)
∗ = D(Θ)∗ =
D(K)∗ = 0 and yields the so–called Swiss Cheese type of
models. Notice from the integral in (B4) that the extra
condition A∗ = Aq∗ = A¯(t) necessarily implies a change
of sign in A′ (for this integral to vanish over the integra-
tion domain 0 ≤ r¯ ≤ r∗ the integrand must change sign).
This explains the “troughs” and “humps” in the profiles
of ρ in Swiss Cheese vacuoles.
Appendix C: LTB metric variables in the linear
regime.
We prove in this Appendix that the relations (29) fol-
low readily under the linear regime assumptions (27).
Using the quadrature of the Friedman equation (2) we
can express the scale factor a as an implicit function of t
with the radial dependence mediated by the initial value
functions
t−tbb = F (a,Aq0) =
∫ ξ=a
ξ=0
√
ξdξ√
2µq0 −Kq0 ξ + λ ξ3
, (C1)
where Aq0 = µq0,Kq0, λ denotes generically the initial
value functions µq0 ≡ (4pi/3)ρq0, λ ≡ (8pi/3)Λ. Exactly
the same quadrature relates the FLRW scale factor a¯(t)
and the equivalent FLRW initial scalars A¯0 = µ¯0, K¯0, λ
(which are constants):
t− t¯bb = F (a¯, A¯0) =
∫ ξ=a¯
ξ=0
√
ξdξ√
2µ¯0 − K¯0 ξ + λ ξ3
. (C2)
Combining (C1) and (C2) yields
F (a,Aq0)− F (a¯, A¯0) = F0(Aq0)− F0(A¯0), (C3)
where F0(Aq0) = F (1, Aq0), F0(A¯0) = F (1, A¯0) and we
have eliminated tbb and t¯bb from the relations tbb = t0 −
F0(Aq0) and t¯bb = t0−F0(A¯0) that follow from the choice
of radial coordinate so that a(t0, r) = 1 and a¯(t0) =
1. Since F is assumed to be analytic and continuous in
the functional domain a, Aq0 we can always expand (C3)
around a¯, A¯0, which is a point in this domain. After some
algebraic manipulation this expansion yields at first order
a− a¯ ≈ F1(a¯, A¯0)(µq0− µ¯0)+F2(a¯, A¯0)(Kq0−K¯0), (C4)
where
F1 ≡ −a¯ Θ¯
3
[
∂(F − F0)
∂µq0
]
a=a¯, Aq0=A¯0
,
F2 ≡ −a¯ Θ¯
3
[
∂(F − F0)
∂Kq0
]
a=a¯, Aq0=A¯0
, (C5)
and we used the fact that [∂F/∂a]a=a¯ = a¯Θ¯/3 with
Θ¯/3 = ˙¯a/a¯. Assuming the conditions (27) for a linear
regime and considering that F1 and F2 in (C5) are func-
tions of t (through a¯), the expansion (C4) leads directly
to (29) in the time range satisfying
F1(a¯, A¯0)(µq0 − µ¯0) ∼ O(),
F2(a¯, A¯0)(Kq0 − K¯0) ∼ O(), (C6)
which clearly depends on the forms of F1 and F2. Since
µq0−µ¯0 and Kq0−K¯0 are (assumed) of O() and a0−a¯0 =
0, then there is always a range of time sufficiently close
to t0 where a− a¯ ∼ O() holds. In fact, a− a¯ ∼ O() as
long as F1, F2 are up to O(1).
The linear conditions (29) on Γ follows readily by ap-
plying the definition (3) to (C4):
Γ = 1 +
ra′
a
≈ 1 + rµ
′
q0F1 + rK′q0F2
a¯+ F1(µq0 − µ¯0) + F2(Kq0 − K¯0)
≈ 1 + rµ′q0
F1
a¯
+ rK′q0
F2
a¯
≈ 1 + 3µq0δ(ρ)0
F1
a¯
+ 3D
(K)
0
F2
a¯
, (C7)
which (since we assume µ′q0 and K′q0 to be O()) has
the form 1 + O() in roughly the same time range as
a− a¯ ∼ O().
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